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Abstract
When G is a Polish group, metrizability of the universal minimal flow has been
shown to be a robust dividing line in the complexity of the topological dynamics
of G. We introduce a class of groups, the CAP groups, which provides a neat
generalization of this dividing line to all topological groups. We prove a number of
characterizations of this class, having very different flavors, and use these to prove
that the class of CAP groups enjoys a number of nice closure properties. As a
concrete application, we compute the universal minimal flow of the homeomorphism
groups of several scattered topological spaces, building on recent work of Gheysens.
1 Introduction
This paper is a contribution to the study of abstract topological dynamics; see Sub-
section 2.3 for definitions. A classical theorem of Ellis [7] shows that every topological
group G admits a universal minimal flow, or UMF. This is a minimal flow which admits
a G-map onto any other minimal flow. It is unique up to isomorphism and denoted
M(G). Often, M(G) is extremely large, for instance when G is an infinite discrete group.
But there are examples of extremely amenable topological groups, i.e. groups G where
M(G) is a singleton, as is the case for the group Aut(Q) of order-preserving bijections
of the rationals under the topology of pointwise convergence [18]. Other times, M(G) is
non-trivial, but still metrizable and easy to describe; as an example, when G = Sym(ω),
the group of permutations of ω with the pointwise convergence topology, then we have
M(G) ∼= LO(ω), the space of linear orders on ω [9].
Recall that a topological group is Polish if its underlying topological space is Polish,
i.e. separable and admitting a compatible, complete metric. Metrizabilty of the univer-
sal minimal flow has emerged as a meaningful dividing line in the topological dynamics
of Polish groups. Starting with the seminal paper of Kechris, Pestov, and Todorcˇevicˇ
[12] and with further work by Melleray-Nguyen Van The´-Tsankov [16], Zucker [23], and
Ben Yaacov-Melleray-Tsankov [5], the structure of M(G) is more-or-less completely un-
derstood when G is Polish and M(G) is metrizable. In this case, one can find a closed
extremely amenable subgroup H ⊆ G so that M(G) ∼= Ĝ/H, the right completion of the
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space of left cosets. When G = Aut(K) for some countable, first order structure K, this
can be given a combinatorial interpretation. For instance, when G = Sym(ω), one can
let H = Aut(〈ω,〉), where  is some dense linear order without endpoints on ω, and
we have Ĝ/H ∼= LO(ω).
However, the metrizability of M(G) stops being a relevant indicator for “nice dynam-
ics” when G is not Polish. Indeed, the work by Bartosˇova´ [2] on groups of automor-
phisms of uncountable structures shows that M(Aut(K)) may have a concrete represen-
tation while being far from metrizable. As an example, for any cardinal κ, one can form
the group Sym(κ) of permutations of κ, again with the pointwise convergence topology.
Bartosˇova´ shows that M(Sym(κ)) = LO(κ), neatly generalizing the result of [9].
In this paper we generalize and extend several of the aforementioned results and
provide a framework for understanding and classifying the dynamics of general topological
groups. Most notably, we isolate a notion which coincides with metrizability of the UMF
for Polish groups and captures when the group has nice dynamics. We prove that this
is a robust notion: the criterion is equivalent to a variety of statements, which come in
different flavors, and the class of groups which satisfy it is well behaved and enjoys strong
closure properties.
Given a G-flow X, one can look at the collection of points which belong to minimal
subflows of X. These points are called almost periodic and are denoted by APG(X).
While APG(X) is clearly invariant under the action of G, it is not in general a subflow,
because it might not be closed. We say that a topological group G has Closed AP, or
is CAP, if APG(X) is closed for each G-flow X. It is easy to see that all pre-compact
groups are CAP and that no locally compact non-compact groups are CAP. The results
of Bartosˇova´-Zucker, appearing in [24], and Jahel-Zucker in [11] show that for G Polish,
M(G) is metrizable if and only if G is CAP. We show that this notion is still relevant
also for groups beyond Polish, unlike metrizabilty of the UMF. In general, it is open
whether the class of CAP groups can be characterized by the topology of M(G) alone;
see Question 7.11.
In [5] it is shown that for each Polish group G, one can endow M(G) with a metric
which is in general finer than the compact topology, but interacts with the compact
topology in non trivial ways: together they form a topo-metric space. They show that
this metric is compatible exactly when M(G) is metrizable. It is shown in [22] that this
finer metric on M(G) is entirely canonical, and does not depend on various choices made
during the construction. In this work, we introduce topo-uniform spaces, which are sets
endowed with a topology and a uniformity which, while not generally compatible with
the topology, interacts with it in key ways. We describe a canonical uniform structure
on M(G), the UEB uniformity, and show that together with the usual compact topology
it forms a topo-uniform space. One of our main results is the following, contained in
Theorem 6.1.
Theorem. Let G be a topological group. Then the following are equivalent.
1. G is CAP.
2. The UEB uniformity and the compact uniformity coincide on M(G).
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Having both characterizations of CAP groups with which to work allows us to prove
a variety of properties about them. The class of CAP groups is closed under quotients,
group extensions, surjective inverse limits and arbitrary products. Generalizing results
in [16], we find sufficient conditions for being CAP in terms of the existence of well
behaved subgroups, conditions which are known to be necessary when G is Polish; we do
not know whether these are necessary in general. We also prove the following peculiar
characterization of CAP groups, Corollary 7.8, in terms of whether the UMF respects
product.
Theorem. Let G be a topological group. Then the following are equivalent:
1. G is CAP.
2. M(G×G) ∼= M(G)×M(G).
More generally, we show that the UMF of an arbitrary product of CAP groups is
simply the product of the UMFs.
One source of interesting CAP groups comes from considering the automorphism
groups of ω-homogeneous structures; see Section 9 for the definitions. The first systematic
study of the automorphism groups of uncountable ω-homogeneous structures is the work
of Bartosˇova´ [1–3], where similar criteria as those developed in [12] are used to compute
the universal minimal flows of several such automorphism groups. In the countable
case, it is shown in [23] that for the automorphism group of a countable ω-homogeneous
structure, the combinatorial property of having finite Ramsey degrees characterizes when
the UMF is metrizable. We generalize this to the uncountable setting in Theorem 9.4.
Theorem. Let K be a ω-homogeneous relational structure. Then Aut(K) is CAP if and
only if Age(K) has finite Ramsey degrees.
Using this and Bartosˇova´’s results, we compute M(Homeo(ω1)), as well as the UMFs
of the groups of homeomorphisms of a variety of scattered topological spaces, building
on recent work of Gheysens [8].
The paper is organized as follows. Section 2 contains several preliminary results on
topological groups and dynamics, uniform spaces, and the Samuel compactification S(G)
that we need going forward. Section 3 gives a brief introduction to the class of CAP
groups. Section 4 introduces the UEB uniformity on S(G) and M(G) and shows that
this uniformity, while in general finer than the compact topology, interacts with it in nice
ways. Section 5 introduces the class of UEB groups, those groups where the compact and
UEB uniformities agree on M(G). While we show in Section 6 that the classes of CAP
groups and UEB groups coincide, Section 5 collects several results about this class which
are easier to prove using the UEB characterization. Sections 7 and 8 give a variety of
sufficient conditions under which a group is CAP, and show that the class of CAP group
enjoys nice closure properties. Lastly, Section 9 investigates the automorphism groups of
ω-homogeneous structures and the homeomorphism groups of scattered spaces.
3
Notation
Our notation is mostly standard. We let ω := {0, 1, 2, ...} denote the least infinite ordinal.
Whenever G is a topological group, we write 1G for its identity and NG for a base
of symmetric open neighborhoods of 1G. If X is a topological space and x ∈ X, we
sometimes write A 3op x or A ⊆op X to introduce a non-empty open set A in X.
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2 Preliminaries on topological groups
We collect some preliminaries on topological groups, with a particular focus on topological
dynamics. We emphasize that all groups and spaces appearing in this paper are Hausdorff.
2.1 The Birkhoff-Kakutani theorem
The famous theorem of Birkhoff and Kakutani states that a topological group G is metriz-
able if and only if it is first countable. However, the proof of the theorem actually says
something non-trivial about all topological groups, regardless of whether or not they are
first countable.
Recall that a pseudo-metric on a set X is a function d : X ×X → R≥0 which satisfies
each of the conditions for being a metric except possibly that of distinguishing distinct
points. A pseudo-metric d on a group G is right-invariant if d(g, g′) = d(gh, g′h) for all
g, g′, h ∈ G.
Fact 2.1 ([6, p. 28]). Suppose G is a topological group, and let {Un : n < ω} ⊆ NG.
Then there is a continuous, bounded, right-invariant pseudo-metric d on G so that for
every n < ω, there is n > 0 with {g ∈ G : d(1G, g) < n} ⊆ Un.
Continuous, right-invariant pseudo-metrics on G feature prominently throughout the
paper, so we fix some notation. If d is a continuous, right-invariant pseudo-metric on G
and c > 0, we write d(c) := {g ∈ G : d(1G, g) < c}. Let Lip(d) denote the collection
of functions from G to [0, 1] which are 1-Lipschitz with respect to d, that is, such that
|f(g)− f(h)| ≤ d(g, h), for all g, h ∈ G.
We say that a collection D of continuous, diameter 1, right-invariant pseudo-metrics
is a strong base of pseudo-metrics if {d(1) : d ∈ D} is a neighborhood basis at 1G. We
say that D is a base of pseudo-metrics if {d() : d ∈ D,  > 0} is a neighborhood basis
at 1G. By Fact 2.1, every topological group admits a base of bounded pseudo-metrics.
By taking a base of pseudo-metrics, multiplying each member by some constants, and
capping at 1, one can obtain a strong base of pseudo-metrics.
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2.2 Uniform spaces
Let X be a set. For U, V ⊆ X ×X, we write U−1 := {(y, x) : (x, y) ∈ U} and
UV := {(x, y) : ∃z ∈ X (x, z) ∈ U and (z, y) ∈ V },
and likewise for the “product” of any finitely many subsets of X ×X.
A (Hausdorff) uniform space is a set X together with a filter U of supersets of the
diagonal ∆ ⊆ X ×X such that:
• for each U ∈ U there is V ∈ U with V 2 ⊆ U ,
• if U ∈ U , then U−1 ∈ U ,
• ⋂U∈U U = ∆.
Members of U are called entourages.
For U, V ∈ U , we write V  U if for some W ∈ U , we have WVW ⊆ U . For A ⊆ X
and U ∈ U we write:
A[U ] := {y ∈ X : ∃x ∈ A (x, y) ∈ U}
A(U) :=
⋃
VU
A[V ]
When A = {x}, we write x[U ], x(U) in place of {x}[U ], {x}(U).
The uniform topology on X is given by declaring a set A to be open if for each x ∈ A
there is U ∈ U with x[U ] ⊆ A. We say that a topology τ on X is compatible with the
uniform structure if τ coincides with the uniform topology. Each compact space admits
a unique uniform structure: its entourages are all the neighborhoods of the diagonal.
A function f : X → Y between uniform spaces is uniformly continuous if for each
entourage V of Y there is an entourage U of X such that (f(x), f(y)) ∈ V for all
(x, y) ∈ U .
A family D of pseudo-metrics on a set X generates a uniformity on X whose basic
entourages are the sets {(x, y) : d(x, y) < }, for d ∈ D,  > 0.
The right uniformity on a topological group G is the uniformity generated by all
continuous right-invariant pseudo-metrics on G. By Fact 2.1, this is equivalent to the
uniformity whose typical basic entourage is of the form {(g, h) ∈ G × G : gh−1 ∈ U}
for some U ∈ NG. If H ⊆ G is a closed subgroup, then the left coset space G/H also
has a natural right uniformity whose typical basic entourage is of the form {(gH, kH) :
gHk−1 ∩ U 6= ∅} for some U ∈ NG.
Every uniform space admits X admits a Samuel compactification S(X); this is the
largest compactification of X with the property that continuous real-valued functions on
S(X) restrict to uniformly continuous functions on X. In the case of a topological group
G equipped with its right uniform structure, we will see several constructions of S(G) in
Subsection 2.4. On occasion, we will also make use of S(G/H).
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2.3 Topological dynamics
Let G denote a Hausdorff topological group. A G-flow is a compact Hausdorff space
X equipped with a continuous (left) action a : G × X → X. Usually the action a is
understood, and we simply write g · x or gx in place of a(g, x). If X and Y are G-flows,
a G-map is a continuous map pi : X → Y which respects the G-actions.
If X is a G-flow and x ∈ X, we define ρx : G→ X via ρx(g) = gx.
Fact 2.2. Suppose X is a G-flow. Then for any x ∈ X, the map ρx is right uniformly
continuous.
A corollary of the fact above is the following.
Fact 2.3. Suppose H ⊆ G is a dense subgroup and that X is an H-flow. Then the action
continuously extends to G.
A subflow of X is a non-empty, closed, G-invariant subspace. The G-flow X is minimal
if X contains no proper subflows; equivalently, X is minimal if every orbit is dense. If
ϕ : X → Y is a G-map and Y is minimal then ϕ is surjective.
Fact 2.4. There exists a universal minimal flow, a minimal flow which admits a G-map
onto any other minimal flow. This flow is unique up to isomorphism and denoted by
M(G).
We briefly sketch the proof of Fact 2.4 in Subsection 2.4. Note that Fact 2.3 implies
that if H ⊆ G is a dense subgroup, then M(H) ∼= M(G) as H-flows.
2.4 The Samuel compactification
Throughout this subsection, fix a topological group G. We define an important universal
G-flow, the Samuel compactification of G, and present several constructions which we
exploit at different points in the paper.
Definition 2.5. We let RUCb(G) denote the C
∗-algebra of bounded right-uniformly
continuous functions from G to C. The Samuel compactification of G, denoted S(G), is
the Gelfand space of RUCb(G), i.e. the space of C
∗-homomorphisms from RUCb(G) to C
endowed with the topology of pointwise convergence.
To each g ∈ G, we can associate a C∗-homomorphism ϕg ∈ S(G), where if f ∈
RUCb(G), we set ϕg(f) = f(g). The map g → ϕg is an embedding with dense image,
and we typically identify G with its image under this embedding.
The group G acts on RUCb(G) on the right, where given f ∈ RUCb(G) and g, h ∈ G,
we set (f ·g)(h) = f(gh). This gives rise to a continuous left-action on S(G), where given
g ∈ G, ϕ ∈ S(G), and f ∈ RUCb(G), we set (g · ϕ)(f) = ϕ(f · g). Since S(G) is compact,
this gives it the structure of a G-flow.
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Fact 2.6. If X is a compact space and f : G→ X is right uniformly continuous, then f
admits a continuous extension fˆ to all of S(G). Conversely, if f : S(G)→ X is continuous,
then f |G is right uniformly continuous.
In particular, if X is a G-flow and x ∈ X, then the map ρx : G → X continuously
extends to a G-map ρˆx : S(G)→ X.
It follows that any minimal subflow of S(G) is a universal minimal flow for G. This
gives the existence part of Fact 2.4.
When X is a G-flow, x ∈ X, and p ∈ S(G), we often write px instead of ρˆx(p). Note
that px = limgi→p gix. This shorthand “multiplicative” notation becomes particularly
suggestive when X = S(G).
Fact 2.7. On S(G), the binary operation given by (p, q) → pq := ρˆq(p) is associative.
This turns S(G) into a compact right-topological semigroup, which in this case means
exactly that the right multiplication maps ρˆq are continuous for each q ∈ S(G). The
following are basic facts about compact right-topological semigroups, most of which can
be found in [10].
1. For any q ∈ S(G), the right multiplication map ρˆq : S(G)→ S(G) is continuous.
2. For any g ∈ G, the left multiplication map λg : S(G)→ S(G), p 7→ gp is continuous.
3. A left ideal is any subset L ⊆ S(G) with S(G) · L ⊆ L. If p ∈ S(G), the left ideal
S(G) · p is closed. Minimal left ideals exist and are always closed. Minimal left
ideals are exactly the minimal subflows of S(G).
4. Every minimal left ideal M contains an idempotent, an element u ∈M with uu = u.
Every other p ∈ M satisfies pu = p. Hence the map ρˆu : S(G)→ M is a retraction
onto M .
5. Every G-map ϕ : M → N between minimal subflows of S(G) has the form ρˆq for
some q ∈ N . Each such map is an isomorphism. Hence every minimal subflow of
S(G) is isomorphic, showing the uniqueness part of Fact 2.4.
We now discuss a more combinatorial construction of S(G), which is close in spirit to
the original construction of the Samuel compactification of any uniform space [19]. See
also [14] for the specific case of topological groups. We follow the presentation of [24].
Definition 2.8. A collection F ⊆ P(G) has the near finite intersection property, or
NFIP, if given any k < ω, A0, ..., Ak−1 ∈ F and any U ∈ NG, we have
⋂
i<k UAi 6= ∅.
We say that p ⊆ P(G) is a near ultrafilter if p is maximal with respect to having the
NFIP. Write SG for the collection of near ultrafilters on G.
The notation SG is temporary; see the fact below. We endow SG with the topology
whose basic closed set has the form
CA := {p ∈ SG : A ∈ p},
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for A ⊆ G. The group G acts on SG in the obvious fashion, where A ∈ gp if and only if
g−1A ∈ p.
Fact 2.9. SG ∼= S(G).
Therefore we retire the notation SG, and simply think of S(G) as the space of near
ultrafilters on G. Below we record some basic facts about near ultrafilters on G. Proofs
can be found in [24].
Fact 2.10.
1. If p ∈ S(G) and A ⊆ G with A 6∈ p, then for some U ∈ NG we have UA 6∈ p. In
particular, A ∈ p if and only if A ∈ p.
2. If p ∈ S(G), then a basis of (not necessarily open) neighborhoods of p is given by
{CUA : A ∈ p, U ∈ NG}.
3. Suppose X is compact and f : G→ X is right uniformly continuous. Let fˆ : S(G)→
X be the continuous extension. Then for p ∈ S(G), we have fˆ(p) = x if and only if
for every A 3op x, we have f−1(A) ∈ p.
4. We view G as a subset of S(G) by identifying g ∈ G with the near ultrafilter
{A ⊆ G : g ∈ A}. Then given A ⊆ G and letting clS(G)(A) denote the closure of A
in S(G), we have clS(G)(A) = CA. In particular, if {Ai : i ∈ I} are subsets of G and
A =
⋃
i∈I Ai, then
⋃
i∈I CAi = CA.
3 CAP groups
In this section, we introduce the class of topological groups which we investigate for the
rest of the paper. These are defined in terms of the behavior of almost periodic points in
G-flows.
Definition 3.1. Let G be a topological group and X a G-flow. The set of almost periodic
points of X is the set
AP(X) := {x ∈ X : Gx is minimal}.
If multiple groups act on X, we can write APG(X) to emphasize which group is being
referred to. On AP(X), we let EG denote the equivalence relation of belonging to the
same minimal subflow.
Definition 3.2. A topological group G has the Closed AP property, or is CAP, if for
any G-flow X, the set AP(X) ⊆ X is closed. In particular, AP(X) is a subflow of X. We
say that G is strongly CAP if it is CAP and for any G-flow X, the equivalence relation
EG ⊆ AP(X)× AP(X) is closed.
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In Theorem 6.1, we will see that the notions of CAP and strongly CAP are equivalent.
However, we do not have a “direct” proof of this; instead, we will define the notion of
a UEB group and show that CAP groups are UEB and that UEB groups are strongly
CAP.
Recall that a topological group is pre-compact if it is isomorphic to a dense subgroup
of a compact group.
Example 3.3. Every pre-compact group is CAP. To see why, suppose G ⊆ K is dense,
with K a compact group. We note by Fact 2.3 that every G-flow is also a K-flow. As
every K-orbit is closed, we see that APG(X) = APK(X) = X for every G-flow X.
Example 3.4. Suppose that G is locally compact and non-compact. Then G is not
CAP. To see this, consider the flow 2G of closed subsets of G with the Fell topology (see
[13, (12.7)], for the definition). The group G acts on 2G by left multiplication. If D ⊆ G
is a pre-compact, symmetric open subset of G containing the identity, we say that S ⊆ G
is D-spaced if for any g 6= h ∈ S, we have gD∩hD = ∅. Let YD ⊆ 2G denote the subflow
of D-spaced subsets of G. We note that AP(YD)\{∅} 6= ∅; one can for instance fix S ⊆ G
a maximal D-spaced subset and show that ∅ 6∈ G · S.
For each D ⊆ G as above, find SD ∈ AP(YD) ⊆ AP(2G) with 1G ∈ SD. Viewing the
collection of such D as a directed set, let S be a limit point of the SD. Then we must
have S = {1G} 6∈ AP(2G); the last non-inclusion holds as G is not compact.
Example 3.5. When G is metrizable, the notion coincides with having metrizable uni-
versal minimal flow. The reverse direction is due to [11], and the forward direction is due
to Bartosˇova´ and Zucker and appears in [24]. However, the proof given there has a minor
error, which we take the opportunity to fix in the proof of Theorem 6.1.
The proof of many of our results on CAP groups rests on another characterization of
CAP of a very different nature, which we introduce in Section 5. The definition we give
there, that of a UEB group, is inspired by the result of [5] characterizing when M(G) is
metrizable for a Polish group in terms of a canonical, but possibly not compatible, metric
on M(G).
4 Topo-uniform spaces and the UEB uniformity
In this section, we discuss a uniformity one can put on S(G) called the UEB uniformity.
Though in general this uniformity is finer than the compact topology on S(G), it interacts
with it in a strong way: together they form a topo-uniform space. We will give several
equivalent descriptions of this uniformity, and prove they are equivalent. This also gives us
a uniformity on any minimal subflow of S(G); we will see that this is in fact independent
of the choice of minimal subflow, giving us a canonical uniformity on M(G). In the
sections which follow, we are particularly interested in those G for which this uniformity
on M(G) coincides with the compact topology; these are the groups which we will call
UEB groups, which we prove are exactly the CAP groups.
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4.1 Topo-uniform spaces
Topo-uniform spaces are a generalization of topo-metric spaces, which were introduced in
[4] and have recently been employed to study the dynamics of Polish groups. Throughout
this section, we make frequent use of the notation defined in Subsection 2.2
Definition 4.1. A topo-uniform space is a triple (X, τ,U), where X is a set, τ is a
topology on X and U is a Hausdorff uniformity on X such that:
1. U has a basis of (τ × τ)-closed entourages;
2. O ∈ U for any (τ × τ)-open neighborhood O of the diagonal in X2.
We refer to the symmetric (τ × τ)-closed entourages of U as basic.
Lemma 4.2. If (X, τ) is compact and U is a Hausdorff uniformity on X satisfying item 1
of Definition 4.1, then (X, τ,U) is a topo-uniform space.
Proof. Let ∆ denote the diagonal of X and fix a (τ × τ)-open neighborhood O ⊇ ∆.
Since U is Hausdorff and satisfies item 1, we have ∆ = ⋂U∈U U . By compactness of τ×τ ,
there are U1, . . . , Un ∈ U such that U1 ∩ · · · ∩ Un ⊆ O, so O ∈ U .
From now on, we assume that (X, τ) is compact.
Remark. For each x ∈ X and each basic U ∈ U , it holds that x[U ] is τ -closed, as it is the
projection of the closed set ({x} ×X) ∩ U . Moreover, for each A 3op x, there is a basic
U ∈ U such that x[U ] ⊆ A by item 2 of Definition 4.1.
Definition 4.3. A compact topo-uniform (X, τ,U) space is adequate if for a base of
U ∈ U and each τ -open A ⊆ X, it holds that A(U) is τ -open.
Lemma 4.4. If (X, τ,U) is a an adequate topo-uniform space such that the topology
induced by U is strictly finer that τ , then there exists x ∈ X and a basic U ∈ U such that
x[U ] is τ -nowhere dense.
Proof. Since each such x[U ] is closed, it is enough to show that there is one with empty
interior. Suppose towards a contradiction that for each x ∈ X and U ∈ U , we had that
int(x[U ]) 6= ∅. We show that for each x ∈ X, {x[U ] : U ∈ U} is a τ -neighborhood basis
at x, thus contradicting the assumption that the uniform topology is finer than τ . So
fix x ∈ X and B 3op x. Let U ∈ U be such that x[U ] ⊆ B. Let V ∈ U be basic
and symmetric and such that V 4 ⊆ U . Call A = int(x[V ]) and consider A(V 3), which
is open by adequacy. For each y ∈ A, we have (y, x) ∈ V  V 3, so x ∈ A(V 3). On
the other hand, fix z ∈ A(V 3). Then z ∈ A[W ] for some W  V 3. But A ⊆ x[V ], so
(x, z) ∈ VW ⊆ V 4 ⊆ U , so z ∈ x[U ]. Therefore x ∈ A(V 2) ⊆ x[U ], which shows that
x[U ] is a neighborhood of x.
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4.2 The UEB uniformity
We now proceed to give three descriptions of the UEB uniformity and prove that these
descriptions are equivalent.
4.2.1 Entourages via UEB sets
The first definition of the UEB uniformity we give is the classical one; see [17] or [20] for
a more detailed exposition.
Definition 4.5.
1. A subset H ⊆ RUCb(G) is a uniformly equicontinuous and bounded set, or UEB
set, if both sup{‖f‖ : f ∈ H} <∞ (uniformly bounded) and for every  > 0 there
is U 3op G so that for any g, h ∈ G with gh−1 ∈ U , we have |f(g)− f(h)| < , for
each f ∈ H (uniformly equicontinuous).
2. The UEB uniformity on S(G) is generated by entourages of the form
[H, ] := {(p, q) ∈ S(G)× S(G) : |p(f)− q(f)| <  for all f ∈ H}
where H ⊆ RUCb(G) is a UEB set and  > 0.
We call the topology induced by the UEB uniformity the UEB topology.
4.2.2 Entourages via identity neighborhoods
The second definition is inspired by [22] and can be defined on a wide class of G-flows.
Definition 4.6. A G-flow X is called maximally highly proximal, or MHP, if whenever
A ⊆op X and x ∈ A, then x ∈ int(UA) for each U ∈ NG.
In this work, we are mostly interested in two particular MHP flows, namely S(G) and
M(G). For proofs that these are MHP, see [22].
Given U, V ∈ NG, we write V  U if and only if there is W ∈ NG with WVW ⊆ U .
This is reminiscent of the definition given earlier for entourages of a uniform space.
Definition 4.7. Let X be an MHP G-flow. For each U ∈ NG, we define Û ⊆ X2 by
letting (x, y) ∈ Û if and only if for all A 3op x and all U0 ∈ NG with U  U0, we have
y ∈ U0A. Let UX denote the the filter of subsets of X2 generated by {Û : U ∈ NG}.
Before proving that UX is indeed a uniformity, we need to record some properties of the
entourages Û .
Lemma 4.8. Let X be an MHP G-flow, and fix U ∈ NG. Then (x, y) ∈ Û if and only if
for all A ⊆op X with x ∈ A and all U0 ∈ NG with U  U0, we have y ∈ int(U0A).
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Proof. One direction is clear. For the other, suppose that x ∈ A for some A ⊆op X,
and fix U0 ∈ NG with U  U0. Find U1 ∈ NG with U  U1  U0, and let W ∈ NG
be such that WU1W ⊆ U0. Since X is MHP, it follows that x ∈ int(WA). By the
defintion of Û , it holds that y ∈ U1int(WA) ⊆ U1WA ⊆ U1WA. By MHP again,
y ∈ int(WU1WA) ⊆ int(U0A).
Lemma 4.8 has several useful corollaries whose proof are all straightforward.
Corollary 4.9.
1. For each U ∈ NG, the entourage Û is symmetric.
2. Suppose U, V ∈ NG. Then for any W ∈ NG, we have Û V̂ ⊆ ÛWV .
3. If V  U , then also V̂  Û .
Theorem 4.10. Let (X, τ) be an MHP G-flow. Then (X, τ,UX) is an adequate topo-
uniform space.
Proof. The fact that UX is a uniformity on X follows from Corollary 4.9. The remainder
of the Theorem splits into two claims.
Claim. (X, τ,UX) is a topo-uniform space.
Proof of Claim. By Lemma 4.2, it is enough to show that UX is Hausdorff and admits a
base of (τ×τ)-closed entourages. First we show that for each U ∈ NG, Û is (τ×τ)-closed.
Let xi → x, yi → y be nets in X such that for each i, (xi, yi) ∈ Û . Let A 3op x and
U0 ∈ NG with U  U0; then eventually xi ∈ A, so yi ∈ U0A. But this is a τ -closed set,
so y ∈ U0A, and thus (x, y) ∈ Û .
Now we show that UX is Hausdorff. Let x, y ∈ X and let A 3op x be such that y 6∈ A.
Find U ∈ NG such that y 6∈ U3A. Then (x, y) 6∈ Û .
Claim. (X, τ,UX) is adequate.
Proof of Claim. We show for every A ⊆op X and U ∈ NG that A(Û) is open. We do this
by mimicking the proof of Theorem 4.8 from [22].
We first note that for any sets A,Ai ⊆ X with A =
⋃
iAi we have A(Û) =
⋃
iAi(Û).
Now fix A ⊆op X. As (X, τ) is compact Hausdorff, we can write A =
⋃
iAi with each Ai
a regular open set, i.e. with Ai = int(Ai). So it suffices to prove the claim when A ⊆op X
is a regular open set. Write K = X \ A. Given U ∈ NG, we show that:
A(Û) =
⋃
VU
W∈NG
int
(
V · (X \WK)
)
.
Suppose that x ∈ A(Û), and find V0  U , and y ∈ A, such that (x, y) ∈ V̂0. Find
V1 ∈ NG with V0  V1  U . Since y ∈ A, we can find W ∈ NG with y ∈ X \WK. Then
since (x, y) ∈ V̂0 and V0  V1, we have by Lemma 4.8 that x ∈ int
(
V1 · (X \WK)
)
.
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Conversely, suppose for some V  U and W ∈ NG that x ∈ int
(
V · (X \WK)
)
. It
follows that for any B 3op x that V B ∩
(
X \WK) 6= ∅. Therefore we have:(
X \WK
)
∩
⋂
{V B : B 3op x} 6= ∅.
Pick y from this set. Then (x, y) ∈ V̂ . Towards a contradiction, suppose y 6∈ A, i.e. that
y ∈ K. As A is regular open, we have that y ∈ int(WK). But since y ∈ X \WK, this
is a contradiction.
These two claims conclude the proof of Theorem 4.10.
Notice that we have two ways of defining this uniformity on M(G): either directly via
Definition 4.7 or by restricting US(G) to a minimal subflow. These are in fact the same:
Proposition 4.11. Suppose M ⊆ S(G) is a minimal subflow, and let p, q ∈ M and
U ∈ NG. The following are equivalent.
1. (p, q) ∈ Û computed in S(G)
2. (p, q) ∈ Û computed in M .
Proof. First suppose item 2 holds. If B 3 p is an open subset of S(G), then B ∩M is
relatively open in M , so for any U0 ∈ NG with U  U0, we have q ∈ U0(B ∩M) ⊆ U0B,
so item 1 holds.
For the other direction, suppose item 1 holds. Fixing an idempotent u ∈M , we obtain
a continuous, G-equivariant retraction ρˆu : S(G) → M . If B ⊆ M is a neighborhood of
p in M , then ρˆ−1u (B) is a neighborhood of p in S(G). So we have for any U0 ∈ NG with
U  U0 that q ∈ U0ρˆ−1u (B) ⊆ ρˆ−1u
(
U0B
)
. Because ρˆu is a retraction, this implies that
q ∈ U0B as desired.
Corollary 4.12. Whenever M,N ⊆ S(G) are minimal G-flows and ϕ : M → N is a
G-map, then in fact ϕ is a UM(G)-uniform isomorphism.
Proof. This follows from the fact that ϕ is a G-isomorphism (Fact 2.7).
4.2.3 Entourages via pseudo-metrics
The third definition is inspired by [5]. There, the authors start with a Polish group G
equipped with a compatible, bounded, right-invariant metric and endow S(G) with a
topo-metric structure by considering the Lipschitz functions on G. Rather than directly
creating a topo-uniform structure on S(G) as in the previous definition, we can instead
create a family of “topo-pseudo-metrics.”
Definition 4.13. Suppose d is a continuous, diameter 1, right-invariant pseudo-metric
on G. We define the pseudo-metric ∂d on S(G) by setting
∂d(p, q) := sup{|f(p)− f(q)| : f ∈ Lip(d)}.
13
We can nicely characterize ∂d by viewing S(G) as the space of near ultrafilters on G. The
next proposition is adapted from [22].
Proposition 4.14. Suppose p, q ∈ S(G) and c ≥ 0. Then the following are equivalent:
1. ∂d(p, q) ≤ c
2. For any open B ⊆ S(G) with p ∈ B and any  > 0, we have q ∈ d(c+ ) ·B.
3. For any A ⊆ G with A ∈ p and any  > 0, we have d(c+ ) · A ∈ q.
Proof. As a preliminary remark, note that if f ∈ Lip(d) is continuously extended to
fˆ : S(G) → [0, 1], then the continuous extension is orbit d-Lipschitz, i.e. for any g ∈ G
and p ∈ S(G), we have |fˆ(gp)− fˆ(p)| ≤ d(g, 1G).
(¬1⇒ ¬2) Suppose that item 1 fails, witnessed by some f ∈ Lip(d). Letting fˆ denote
the continuous extension, suppose for some  > 0 that |fˆ(p)−fˆ(q)| > c+2. Find B 3op p
so that |fˆ(p) − fˆ(p0)| <  whenever p0 ∈ B. Then for p0 ∈ B and g ∈ d(c + ), we have
|fˆ(p)− fˆ(gp0)| < c+ 2. So if p1 ∈ d(c+ ) ·B, we have |fˆ(p)− fˆ(p1)| ≤ c+ 2. It follows
that q 6∈ d(c+ ) ·B.
(¬2 ⇒ ¬3) Suppose that item 2 fails, witnessed by some neighborhood B of p and
some  > 0. Set A = B ∩ G. Then B = CA, and by Fact 2.10, we have d(c+ ) ·B =
d(c+ ) · CA = Cd(c+)·A. So d(c+ ) · A 6∈ q.
(¬3 ⇒ ¬1) Suppose that item 3 fails, witnessed by some A ∈ p and  > 0. Define
f : G → [0, 1] via f(g) = d(g, A). Then f ∈ Lip(d), and upon continuously extending
to S(G), we have fˆ(p) = 0. Towards a contradiction, suppose that fˆ(q) ≤ c. Then by
Fact 2.10 we would have f−1([0, c+ ]) ∈ q. However, f−1([0, c+ ]) = d(c+ ) ·A 6∈ q.
Corollary 4.15. For any p ∈ S(G) and g, h ∈ G, we have ∂d(gp, hp) ≤ d(g, h).
Proof. We note that hp = (hg−1)gp ∈ d(d(g, h) + )gp for each  > 0 and apply Proposi-
tion 4.14.
Item 2 of Proposition 4.14 in fact defines a pseudo-metric on any MHP flow (one needs
to allow ∂d to take the value +∞ for MHP flows which are not topologically transitive).
In particular, ∂d can be defined on M(G) in this way. Much as in Proposition 4.11 and
Corollary 4.12, we have that whenever M ⊆ S(G) is a minimal subflow and p, q ∈ M ,
the value of ∂d(p, q) is the same computed in S(G) or computed in M , and any G-map
between two minimal subflows of S(G) is a ∂d-isometry.
Recall that if τ is a compact topology on X and ∂ is a pseudo-metric on X, we say that
∂ is τ -lower-semi-continuous, or τ -lsc, if for every c ≥ 0, we have {(x, y) : ∂(x, y) ≤ c} ⊆
X×X is (τ × τ)-closed. This is the analog for pseudo-metrics of item 1 of Definition 4.1.
For now, we let τ denote the compact topology on S(G). As a rule of thumb, topo-
logical vocabulary refers to τ unless specifically indicated otherwise.
Proposition 4.16.
1. Each of the pseudo-metrics ∂d is τ -lsc.
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2. If p 6= q ∈ S(G), then there is some continuous, diameter 1, right invariant pseudo-
metric d on G with ∂d(p, q) > 0.
Proof. For 1, suppose (pi)i∈I and (qi)i∈I are nets from S(G) with pi → p and qi → q,
and suppose ∂d(pi, qi) ≤ c. If f ∈ Lip(d), then fˆ(pi) → fˆ(p) and fˆ(qi) → fˆ(q), so
|fˆ(p)− fˆ(q)| ≤ c, and hence ∂d(p, q) ≤ c.
For 2, suppose A ⊆ G with A ∈ p and A 6∈ q. So for some U ∈ NG we have
UA 6∈ q. Find a pseudo-metric d on G with d(1) ⊆ U . By Proposition 4.14, it follows
that ∂d(p, q) ≥ 1.
Recall that if X is a compact space and ∂ is a pseudo-metric on X, we say that ∂
is adequate if for any  > 0 and any open A ⊆ X, we have that B∂(A, ) := {x ∈ X :
∂(x,A) < } is open.
Proposition 4.17. On S(G), each of the pseudo-metrics ∂d is adequate.
Proof. See Theorem 4.8 of [22].
4.2.4 Equivalent uniformities
The following proposition links the entourages defined in Definition 4.7 and those given
by the pseudo-metrics on S(G).
Proposition 4.18. Let d be a continuous, diameter 1, right-invariant pseudo-metric on
G and c > 0. Then {(p, q) : ∂d(p, q) < c} ⊆ d̂(c) ⊆ {(p, q) : ∂d(p, q) ≤ c}. In particular,
∂d is US(G)-uniformly continuous.
Proof. Suppose ∂d(p, q) < c, and let A 3op p. Then q ∈ d(c)A, and it follows that
(p, q) ∈ d̂(c).
For the other inclusion, suppose (p, q) ∈ d̂(c) and let A 3op p and  > 0. Noting that
d(c) d(c+ ), we have q ∈ d(c+ )A, so ∂d(p, q) ≤ c.
As d ranges over all continuous, diameter 1, right-invariant pseudo-metrics on G, we
obtain a uniformity Umet on S(G) which is generated by the induced pseudo-metrics ∂d.
Proposition 4.19. The uniformities Umet, US(G), and the UEB uniformity coincide.
Proof. For each continuous, diameter 1, right-invariant pseudo-metric d on G, the space
Lip(d) ⊆ RUCb(G) is a UEB set, so {(p, q) : ∂d(p, q) < c} = [Lip(d), c].
Now, suppose H ⊆ RUCb(G) is a UEB set and let  > 0, with the objective of finding
U ∈ NG such that Û ⊆ [H, ]. Let ϕH : (0, 1) → NG describe the modulus of uniform
equicontinuity. We remark that if f ∈ H and fˆ denotes the continuous extension to S(G),
then if g ∈ ϕH(δ) and p ∈ S(G), we have |fˆ(p)− fˆ(gp)| ≤ δ.
Fix U ∈ NG with U  ϕH(/4). Suppose p, q ∈ S(G) are such that (p, q) ∈ Û .
For each f ∈ H let Bf 3op p be such that |fˆ(p) − fˆ(p′)| < /4 for all p′ ∈ Bf . For
all f ∈ H and each U0 ∈ NG with U  U0 it holds that q ∈ U0Bf , so in particular
q ∈ ϕH(/4)Bf . If hiqi ∈ ϕH(/4)Bf is a net converging to q, we have |fˆ(p)− fˆ(hiqi)| ≤
|fˆ(p)− fˆ(qi)|+ |fˆ(qi)− fˆ(hiqi)| < /2. Therefore |fˆ(p)− fˆ(q)| ≤ /2 and (p, q) ∈ [H, ].
The last direction is taken care by Proposition 4.18.
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5 UEB groups
In this section we define the class of UEB groups, based on the behavior of the UEB
uniformity on M(G). In Section 6, we prove that a group is UEB if and only if it is
CAP. Before doing so, we collect and discuss results which make direct use of the UEB
definition. We use the term “UEB group” rather than “CAP group” throughout this
section to emphasize the methods involved in the proofs.
Definition 5.1. A topological group G is UEB if the compact and UEB uniformities
coincide on M(G).
Example 5.2. If G is a metrizable group, then the UEB uniformity on S(G) can be given
by a single metric, namely ∂d for d a compatible, right-invariant metric on G. In [5], it is
shown that if M(G) is metrizable, then this metric is a compatible metric for M(G). In
other words, G is UEB exactly when M(G) is metrizable.
The work we did in Subsection 4.2 gives us several ways to understand UEB groups.
For instance, when working with the induced pseudo-metrics, we have the following simple
proposition.
Proposition 5.3. For a topological group G, the following are equivalent.
1. G is UEB.
2. For any continuous, diameter 1, right-invariant pseudo-metric d on G, the pseudo-
metric ∂d on M(G) is continuous.
3. For some base D of continuous, diameter 1, right-invariant pseudo-metrics on G
and any d ∈ D, the pseudo-metric ∂d on M(G) is continuous.
Proof. Clearly 1 ⇒ 2 ⇒ 3. For 3 ⇒ 1, suppose we are given D as in item 3. We first
remark that it is sufficient to show that the UEB and compact topologies coincide, as
there is a unique compatible uniform structure on a compact Hausdorff space. So let
x ∈ M(G), and suppose Θ ∈ UM(G). In particular, we can find some U ∈ NG with
x[Û ] ⊆ x[Θ]. Since D is a base of pseudo-metrics on G, we can find d ∈ D and c > 0 with
d(c) ⊆ U . Then by Proposition 4.18 we have {y : ∂d(x, y) < c} ⊆ x[d̂(c)] ⊆ x[Û ] ⊆ x[Θ]
as desired.
Corollary 5.4. Suppose G is UEB. Then Aut(M(G)) is a compact group.
Proof. By the remark after Corollary 4.15, every automorphism of M(G) is a ∂d-isometry
for each of the pseudometrics ∂d. Since each ∂d is continuous, the space M(G)/∂d is a
compact metric space, and any element of Aut(M(G)) induces an isometry of M(G)/∂d.
Therefore, we can view Aut(M(G)) as a subgroup of the compact group
∏
d Iso(M(G)/∂d).
To see that Aut(M(G)) forms a closed subgroup, suppose αi ∈ Aut(M(G)), and sup-
pose αi → α ∈
∏
d Iso(M(G)/∂). Considering the homeomorhpism M(G)→
∏
d M(G)/∂d,
we see that α is the homeomorphism of M(G) given by α(x) = limi αi(x). It follows that
αi commutes with the G-action since each αi does.
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By considering the entourages Û for U ∈ NG, we obtain a bound on the complexity
of M(G) as a topological space when G is UEB. Recall that a poset 〈P,≤〉 is directed if
for any p, q ∈ P, there is some r ∈ P with p, q ≤ r. A subset S ⊆ P is cofinal if for
every p ∈ P, there is q ∈ S with p ≤ q. If P and Q are directed posets, then a map
f : P → Q is cofinal if the image of every cofinal subset of P is cofinal in Q. The map
f is monotone if it respects the poset orders. The directed posets we consider are NG,
ordered by reverse inclusion, and Nbd(∆M(G)), the poset of neighborhoods of the diagonal
∆M(G) ⊆ M(G)×M(G). By considering the map U → Û for U ∈ NG, we obtain:
Proposition 5.5. Suppose G is UEB. Then there is a monotone cofinal map from NG
to Nbd(∆M(G)).
Monotone, cofinal maps are a particularly nice form of Tukey reduction (where a
Tukey reduction would not require that the map be monotone). We remark that when
G is metrizable, Proposition 5.5 says exactly that M(G) is metrizable, by [21].
On the other hand, when G is not UEB, one can show that M(G) is a somewhat
complicated topological space. The key ingredient is the following characterization of
UEB groups.
Proposition 5.6. Suppose G is a topological group. Then the following are equivalent.
1. G is UEB.
2. For any sequence {An : n < ω} of non-empty open subsets of M(G) and any
U ∈ NG, we have that {UAn : n < ω} is not pairwise disjoint.
Proof. We proof the contrapositives. First assume that G is not UEB. Find a continuous,
diameter 1, right-invariant pseudo-metric d on G so that ∂d := ∂ is not continuous. In
particular, (M(G)/∂, ∂) is strictly finer than the compact topology on M(G)/∂, so is not
compact. Moving back up to M(G), we can find an infinite set Y ⊆ M(G) so that for
some c > 0, we have ∂(x, y) > 2c for every x 6= y ∈ Y . From here, we can find a sequence
of xn ∈ Y and of An 3op xn so that d(c/2) · Am ∩ d(c/2) · An 6= ∅ whenever m 6= n < ω.
For more details, see Theorem 5.3 in [22].
For the other direction, suppose that there were non-empty open sets An ⊆ M(G)
and U ∈ NG with {UAn : n < ω} pairwise disjoint. Find a continuous, diameter 1,
right-invariant pseudo-metric d on G with d(1) ⊆ U . Then if we pick a point xn ∈ An for
each n, Proposition 4.14 tells us that ∂(xm, xn) ≥ 1 whenever m 6= n < ω. In particular,
∂ cannot be a continuous pseudo-metric on the compact space M(G).
Corollary 5.7. If G is not UEB, then M(G) embeds a copy of βω. In particular, a group
G with metrizable M(G) is CAP, regardless of metrizability of G.
Proof. Fix a sequence {An : n < ω} of non-empty open subsets of M(G) and U ∈ NG
so that the sequence {UAn : n < ω} is pairwise disjoint. Pick xn ∈ An; we show that
{xn : n < ω} ∼= βω. It is enough to show that if S, T ⊆ ω are disjoint, then {xn : n ∈ S}
and {xn : n ∈ T} are disjoint. Write AS =
⋃
n∈S An, and similarly for AT . Notice that
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UAS∩UAT = ∅; this in turn implies that int(UAS)∩ int(UAT ) = ∅. Towards a contradic-
tion, suppose x ∈ AS ∩ AT . Since M(G) is MHP and x ∈ AS, we see that x ∈ int(UAS),
and likewise for AT . This is a contradiction.
Comparing Proposition 5.5 and Corollary 5.7, it is natural to ask if these conclusions
are mutually exclusive, as they are in the case that G is metrizable. We see later that in
general, this need not be the case.
Proposition 5.6 has other applications towards showing that the topological dynamics
of groups which are not UEB are badly behaved. For instance, the following result shows
that for groups which are not UEB, the operation G→ M(G) does not respect product.
Theorem 5.8. Suppose G and H are topological groups, neither of which is UEB. Then
M(G×H) 6∼= M(G)×M(H).
Proof. We show that M(G)×M(H) is not an MHP (G×H)-flow, unlike M(G×H). We
need to find an open W ⊆ M(G)×M(H), an identity neighborhood U ×V ∈ NG×H , and
p ∈ W so that p 6∈ Int
(
(U × V ) ·W
)
. Using Proposition 5.6, fix a sequence {An : n < ω}
of non-empty open subsets of M(G) and U ∈ NG with {UAn : n < ω} pairwise disjoint;
similarly, fix a sequence {Bn : n < ω} of non-empty open subsets of M(H) and V ∈ NH
with {V Bn : n < ω} pairwise disjoint. We set W =
⋃
nAn ×Bn.
Claim. Int
(
(U × V ) ·W
)
=
⋃
n Int
(
UAn × V Bn
)
Proof. Clearly the right hand side is included in the left. Now let q ∈ Int
(
(U × V ) ·W
)
.
Let A × B ⊆ (U × V ) ·W be a basic open neighborhood of q. There is some n < ω
such that UAn × V Bn meets A× B. We claim that A× B ⊆ UAn × V Bn. If not, then
without loss of generality we can find non-empty open C ⊆ A with C ∩ UAn = ∅. But
now setting D = B ∩ V Bn, we have for every m 6= n that (UAm × V Bm)∩ (C ×D) = ∅,
simply because V Bm ∩D = ∅. Since also (UAn× V Bn)∩ (C ×D) = ∅, it cannot be that
A × B ⊆ (U × V ) ·W = ⋃n UAn × V Bn. This contradiction concludes the proof of the
claim.
Now let p be any point in
⋂
N
⋃
n>N An ×Bn ⊆ W . Then p 6∈ Int
(
UAn × V Bn
)
for
any n < ω. By the claim, it follows that M(G)×M(H) is not MHP.
It will turn out that Theorem 5.8 is an if and only if: we show in Proposition 7.7 that
if either of G or H is UEB, then M(G×H) ∼= M(G)×M(H).
6 The equivalence of UEB and CAP
We are now ready for one of the main theorems of the paper. Recall that Lip(d), for a
continuous, right-invariant pseudo-metric d on G, is a G-flow with the action given by
g · f(h) = f(hg).
Theorem 6.1. Fix a topological group G. Then the following are equivalent.
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1. G is CAP.
2. G is strongly CAP.
3. For any continuous, diameter 1, right-invariant pseudo-metric d on G, the set
AP(Lip(d)) ⊆ Lip(d) is closed.
4. G is UEB.
Remark. Recall that an ambit is a G-flow X along with a distinguished point x ∈ X with
dense orbit. A topological group is said to be ambitable if for any continuous, diameter 1,
right-invariant pseudo-metric d on G, the flow Lip(d) embeds into some ambit. For the
class of ambitable topological groups, the above are also equivalent to AP(S(G)) being
closed. The same is true for pre-compact groups (which are never ambitable), simply
because these are all CAP. It is an open question whether every topological group is
either pre-compact or ambitable; see [17].
Proof. We have (2) ⇒ (1) ⇒ (3). We show that (4) ⇒ (2) and ¬(4) ⇒ ¬(3). We freely
use the equivalent characterizations of (4) given in Proposition 5.3.
For (4)⇒ (2) we closely follow Section 3 of [11]. Fix D a base of continuous, diameter
1, right-invariant pseudo-metrics on G for which item (4) holds, and fix a G-flow X.
Suppose xi, yi ∈ AP(X) with EG(xi, yi) with xi → x and yi → y. We wish to show that
x, y ∈ AP(X) and EG(x, y). Suppose Yi ⊆ Xi is the minimal subflow with xi, yi ∈ Yi. Let
ϕi : M(G)→ Yi be a G-map, and choose pi, qi ∈ M(G) with ϕi(pi) = xi and ϕi(qi) = yi.
Suppose in M(G) that pi → p. We claim that ϕi(p) → x. Fix some A 3op x. We
must show that eventually ϕi(p) ∈ A. Find B 3op x and U ∈ NG with UB ⊆ A. Fix
a pseudo-metric d ∈ D and  > 0 with d() ⊆ U . Since ∂d is continuous, we have
pi
∂d−→ p. So eventually, we have ϕi(pi) ∈ B and ∂d(pi, p) < , which together imply that
p ∈ d() · ϕ−1i (B) ⊆ ϕ−1i
(
d() ·B
)
. So we have ϕi(p) ∈ d() ·B ⊆ A as desired. If we
also suppose that qi → q, an identical argument shows that ϕi(q)→ y.
Now suppose we are given r ∈ S(G) with rp = q. We claim that rx = y. Let gi ∈ G
with gi → r, and let A 3op y. We wish to show that eventually gix ∈ A. Find B 3op y
and U ∈ NG with UA ⊆ B. Fix a pseudo-metric d ∈ D and  > 0 with d() ⊆ U .
Since ∂d is continuous, we have gip
∂d−→ q. Fix any index j with ∂d(gjp, q) < ; for this
j and any index i with ϕi(q) ∈ B, we have gjp ∈ d() · ϕ−1i (B) ⊆ ϕ−1i
(
d() ·B
)
. So
ϕi(gjp) = gjϕi(p) ∈ d() ·B. So gjx ∈ d() ·B ⊆ A as desired. A symmetric argument
shows that if we are given s ∈ S(G) with p = sq, then also x = sy.
To conclude the argument, we note that for any minimal subflow M ⊆ S(G) we have
Mp = Mq = M(G) by Fact 2.7, so we can find r, s ∈ M with rp = q and p = sq. Hence
y ∈ ρˆx[M ] and x ∈ ρˆy[M ]. This implies that x, y ∈ AP(X) and that both x ∈ Gy and
y ∈ Gx, i.e. that EG(x, y) as desired.
For ¬(4) ⇒ ¬(3), we follow section 2.7 of [24]. Suppose that the UEB uniformity
on M(G) is strictly finer than the compact topology. By Lemma 4.4, we can find a
continuous, bounded, right-invariant pseudo-metric d on G and a point p ∈ M(G) so
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that, setting ∂ := ∂d, the metric ball B∂(p, 1) := {q ∈ M(G) : ∂(p, q) < 1} is τ -nowhere
dense. Fix this p ∈ M(G).
For any continuous ψ : M(G)→ [0, 1], we define ψ∂ : M(G)→ [0, 1] via
ψ∂(q) = inf{ψ(r) + ∂(q, r) : r ∈ M(G)}.
Lemma 6.2. The function ψ∂ is continuous and ∂-Lipschitz.
Proof. Suppose qi → q. Let  > 0, and choose ri ∈ M(G) such that ψ(ri) + ∂(qi, ri) ≤
ψ∂(qi) + . Letting ri → r, we have ψ(ri) → ψ(r), and eventually ∂(q, r) ≤ ∂(qi, ri) + 
by τ -lsc. It follows that eventually
ψ∂(q) ≤ ψ(r) + ∂(q, r)
≤ ψ(ri) + ∂(qi, ri) + 2
≤ ψ∂(qi) + 3.
For the other inequality, choose s ∈ M(G) with ψ(s) + ∂(q, s) ≤ ψ∂(q) + . Suppose
c > 0 is such that c −  < ∂(q, s) < c. By continuity of ψ, A 3op s can be chosen so
that ψ[A] ⊆ [ψ(s) − , ψ(s) + ]. Then B∂(A, c) is open by adequacy and contains q, as
∂(q, s) < c and s ∈ A. So eventually qi ∈ B∂(A, c), and we can choose witnesses si ∈ A
with ∂(qi, si) < c. It follows that eventually
ψ∂(q) ≥ ψ(s) + ∂(q, s)− 
≥ ψ(si) + ∂(qi, si)− 3
≥ ψ∂(qi)− 3.
To see that ψ∂ is ∂-Lipschitz, let q, r ∈ M(G). Fix  > 0, and suppose s ∈ M(G) satisfies
ψ∂(q) ≥ ψ(s) + ∂(q, s)− . Then we have
ψ∂(r) ≤ ψ(s) + ∂(r, s)
≤ ψ(s) + ∂(r, q) + ∂(q, s)
≤ ψ∂(q) + ∂(r, q) + .
Since  > 0 is arbitrary and applying an identical argument with p and q reversed, we
are done.
Now given q ∈ M(G), define qψ : G → [0, 1] via qψ(g) = ψ∂(g · q). We note that
qψ ∈ Lip(d) since ∂(gq, hq) ≤ d(g, h). Even better, the map from M(G) to Lip(d) given
by q → qψ is a G-map, for h · qψ(g) = qψ(g · h) = ψ∂(g · hq) = (hq)ψ(g), so we have
qψ ∈ AP (Lip(d)).
Recall the p ∈ M(G) we fixed earlier. Define f : G→ [0, 1] via
f(g) = ∂(gp, p).
Since |∂(gp, p)− ∂(hp, p)| ≤ ∂(gp, hp) ≤ d(g, h), we have that f ∈ Lip(d).
For each A 3op p, fix some ψA : M(G)→ [0, 1] with ψA(p) = 0 and with constant value
1 outside A. Set fA = pψA . So we saw above that fA ∈ AP(Lip(d)).
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Lemma 6.3. f ∈ {fA : A 3op p}.
Proof. First note for any A 3op p and any g ∈ G that f(g) ≥ fA(g), simply because
fA(g) = inf{ψA(r) + ∂(gp, r) : r ∈ M(G)}, and one can consider r = p. Now fix some
finite F ⊆ G and  > 0; we want to find A 3op p so that f(g) ≤ fA(g)+  for every g ∈ F ,
that is, such that f(g) ≤ ψA(r) + ∂(gp, r) +  for every g ∈ F and r ∈ M(G). We can
suppose that  < ∂(g, gp) for all g ∈ F , and write cg = ∂(g, gp)− . For each g ∈ F , there
is Ag 3op p such that pg 6∈ d(cg)A. Let A =
⋂
g∈F Ag. Fix g ∈ F ; since pg 6∈ d(cg)A, if
r ∈ A, we have ∂(pg, r) ≥ cg = ∂(g, gp) − ε, that is, f(g) = ∂(gp, p) ≤ ∂(gp, r) + . If
r 6∈ A, then f(g) ≤ ψA(r) = 1, so A is as desired.
A set S ⊆ G is syndetic if there is a finite F ⊆ G with G = FS. We need the following
lemma.
Lemma 6.4. Suppose ξ ∈ AP(Lip(d)). Then for any open U ⊆ [0, 1] the set ξ−1(U) ⊆ G
is either empty or syndetic.
Proof. Suppose ξ−1(U) is non-empty, but not syndetic. We can find for every finite
F ⊆ G some gF ∈ G with (gF · ξ)(h) = ξ(hgF ) 6∈ U for every h ∈ F . Consider the net
gF ξ, indexed by the finite subsets of G. Up to a subnet it converges to some ϕ. Let h ∈ G
and suppose towards a contradiction that ϕ(h) ∈ U . Eventually gF ξ(h) = ξ(hgF ) ∈ U ,
but for each such F , gF∪{h}ξ(h) 6∈ U , a contradiction. So ran(ϕ) ∩ U = ∅. On the other
hand, if giϕ → ξ and ξ(h) ∈ U , eventually giϕ(h) = ϕ(hgi) ∈ U , which cannot be, so
ξ 6∈ G · ϕ. Therefore ξ does not belong to a minimal subflow, i.e. ξ 6∈ AP(Lip(d)).
Considering the f defined before, we show that f 6∈ AP(Lip(d)). Towards a con-
tradiction, suppose it were. By Lemma 6.4, S := f−1([0, 1/2)) ⊆ G is syndetic, so for
some finite F ⊆ G, we have G = FS. Since G · p ⊆ M(G) is dense, we have that
S ·p ⊆ M(G) is somewhere dense. However, S ·p ⊆ B∂(p, 1), and must be nowhere dense.
This contradiction shows that f 6∈ AP(Lip(d)).
This concludes the proof of ¬(4)⇒ ¬(3) and the proof of Theorem 6.1.
As we have now seen that UEB groups and CAP groups are the same, we can use the
names interchangeably; we typically use CAP unless we wish to emphasize Definition 5.1.
7 Closure properties of CAP groups
The class of CAP groups enjoys robust closure properties, which we collect in this section.
Some are simple observations, while one generalizes a non-trivial results of [11]. We will
also be able to complete our analysis of when G→ M(G) respects product, obtaining yet
another characterization of CAP groups.
Proposition 7.1. Let G and K be topological groups. Suppose G is CAP and that
pi : G→ K is a continuous homomorphism with dense image. Then K is CAP.
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Proof. This follows since every K-flow X becomes a G-flow via the action g ·x := pi(g) ·x.
Since Im(pi) ⊆ K is dense, G orbit closures and K orbit closures coincide, so we have
that APK(X) = APG(X). Since G is CAP, K is as well.
The next proposition shows that CAP groups are closed under surjective inverse limits;
first we give a few general remarks about inverse limits of topological groups. An inverse
system of topological groups, denoted (Gi, pi
j
i ), consists of a directed set I, topological
groups Gi for each i ∈ I, and a continuous group homomorphism piji : Gj → Gi for each
i ≤ j ∈ I. The inverse limit of the inverse system (Gi, piji ) is the topological group
lim←−
i
Gi := {(gi)i ∈
∏
i
Gi : ∀i ≤ j ∈ I piji (gj) = gi}.
The notation avoids mentioning the maps piji which are usually understood from context.
Notice that lim←−iGi could be empty. Let pii : lim←−iGi → Gi be the projection to coordinate
i. We say that the inverse system is surjective if each pii is surjective. In particular, the
inverse limit of a surjective inverse system is non-empty. Note that this is stronger than
demanding that each piji be surjective.
Notice that each bonding homomorphism piji continuously extends to a surjective map
pˆiji : S(Gj)→ S(Gi).
Lemma 7.2. Suppose (Gi, pi
j
i ) is a surjective inverse system of topological groups, and
let G = lim←−iGi. Then S(G) ∼= lim←−i S(Gi).
Proof. Viewing S(G) and S(Gi) as spaces of near ultrafilters, let ϕ : S(G) → lim←−i S(Gi)
denote the map p 7→ ({A ⊆ Gi : pi−1i (A) ∈ p})i∈I . This is a continuous and surjective
G-map, and we argue that it is injective. Suppose p 6= q ∈ S(G). Find A ∈ p, B ∈ q,
and U ∈ NG with UA ∩ UB = ∅. We may assume that U = {g ∈ G : pii(g) ∈ Ui} for
some i ∈ I and Ui ∈ NGi . In particular, the sets UA and UB are pii-invariant, that is
pi−1i (pii[UA]) = UA, and similarly for UB. Therefore we have pii[A] ∈ pi, pii[B] ∈ qi, and
Uipii[A] ∩ Uipii[B] = pii[UA] ∩ pii[UB] = ∅, i.e. that pi 6= qi.
Proposition 7.3. Suppose (Gi, pi
j
i ) is a surjective inverse system of topological groups,
and let G = lim←−iGi. If every Gi is CAP, then G is CAP.
Proof. By Lemma 7.2, we have S(G) ∼= lim←−i S(Gi). If M ⊆ S(G) is a minimal subflow
and i ∈ I, then pii[M ] =: Mi ⊆ S(Gi) is a minimal Gi-subflow. A base of continuous,
diameter 1, right-invariant pseudo-metrics on G is given by those of the form d◦ (pii×pii)
for some i ∈ I and some continuous, diameter 1, right-invariant pseudo-metric d on Gi.
If f ∈ Lip(d ◦ (pii × pii)), and g, h ∈ G are such that pii(g) = pii(h), then |f(g)− f(h)| ≤
d(pii(g), pii(h)) = 0, so f(g) = f(h). Therefore f factors through Gi: there is f
′ ∈ Lip(d)
with f = f ′◦pii. It follows that ∂d◦(pii×pii) = ∂d◦(pii×pii). By assumption, ∂d is continuous
on Mi, so ∂d◦(pii×pii) is continuous on M as desired.
We discuss one last general result about inverse systems which are useful later. Sup-
pose (Gi, pi
j
i ) is a surjective inverse system of topological groups. If Xi is a Gi-flow, then
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we can also view Xi as a Gj-flow for any j ≥ i. An inverse system of Gi-flows, denoted
(Xi, ϕ
j
i ), consists of a Gi-flow Xi for each i ∈ I along with a Gj-map ϕji : Gj → Gi for
each i ≤ j ∈ I. Then lim←−iXi becomes a lim←−iGi-flow in the natural way.
We saw in the proof of Proposition 7.3 that M(G) = lim←−i M(Gi) for some inverse limit.
We show that any inverse limit will work.
Lemma 7.4. Suppose (Gi, pi
j
i ) is a surjective inverse system of topological groups. Sup-
pose (Xi, ϕ
j
i ) is an inverse system of Gi-flows so that Xi
∼= M(Gi) for every i ∈ I. Then
letting G = lim←−iGi and X = lim←−iXi, we have X ∼= M(G).
Proof. First notice that X is a minimal G-flow. Fix a minimal subflow M ⊆ S(G),
and set pii[M ] =: Mi ⊆ S(Gi). Fix x ∈ X. This gives us a G-map ρˆx : M → X
given by ρˆx(p) = px. Writing p = (pi)i∈I and x = (xi)i∈I , we have px = (pixi)i∈I . If
p 6= q ∈ S(G), then pi 6= qi for some i ∈ I. Since Xi ∼= M(Gi), we have that ρˆxi : Mi → Xi
is an isomorphism, implying that pixi 6= qixi. Hence ρˆx is injective and therefore an
isomorphism.
We now generalize a theorem from [11], where it is shown that given a short exact
sequence of Polish groups 1→ H → G→ K → 1 so that M(H) and M(K) are metrizable,
then M(G) is also metrizable. An important step in that proof was to show that Polish
groups G with M(G) metrizable are CAP. Here, we use the CAP property directly to
show that CAP groups are closed under extensions.
Theorem 7.5. Suppose 1 → H → G pi−→ K → 1 is a short exact sequence of topological
groups. Then if H and K are CAP, then so is G.
Proof. We break the proof of this theorem into several claims.
Claim. Suppose Y is a G-flow. Then APH(Y ) is a G-subflow. If Y is a minimal G-flow,
then APH(Y ) = Y .
Proof. Suppose Z ⊆ Y is a minimal H-subflow. Then so is gZ, since H is a normal
subgroup. Hence APH(Y ) is G-invariant, and it is closed since H is CAP. If Y is a
minimal G-flow, then APH(Y ) ⊆ Y is dense, and it is closed since H is CAP.
Claim. Suppose Y is a G-flow with APH(Y ) = Y . Then Y/EH is a K-flow, and the
quotient map piH : Y → Y/EH is open.
Proof. Since H is CAP, Y/EH is a compact Hausdorff space. Since the G-action on Y
is continuous and preserves the closed equivalence relation EH , we obtain a continuous
G-action on Y/EH . Since H acts trivially on Y/EH , we can view Y/EH as a K-flow. To
see that piH is open, suppose A ⊆ Y is open. Then piH [A] = piH [HA], and HA is open
and EH-invariant.
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Now suppose X is a G-flow, towards showing that APG(X) is closed. By the first
claim, we have APG(X) ⊆ APH(X). By the second claim, APH(X)/EH =: W is a
K-flow. We argue that
APG(X) = pi
−1
H (APK(W )).
Since K is CAP, this shows that APG(X) is closed. In one direction, suppose Y ⊆ X
is a minimal G-subflow. Then piH [Y ] ⊆ W is a minimal G-subflow, so also a minimal
K-subflow. In the other direction, suppose Z ⊆ APK(W ) is a minimal K-subflow. Then
pi−1H (Z) ⊆ APG(X) is a G-subflow, and we argue that it is minimal. Fix p ∈ pi−1H (Z) and
a non-empty open A ⊆ pi−1H (Z). By the second claim, we have that piH [A] ⊆ Z is open, so
find g ∈ G with g · piH(p) ∈ piH [A]. This means that gp ∈ Q for some minimal H-subflow
Q ⊆ pi−1H (Z) with Q ∩ A 6= ∅. We then find h ∈ H with hgp ∈ A.
Corollary 7.6. If {Gi : i ∈ I} is a set of CAP groups, then
∏
iGi is CAP.
Proof. Combine Proposition 7.3 and Theorem 7.5.
In fact, when G =
∏
iGi for a collection {Gi : i ∈ I} of CAP groups, we can describe
M(G) explicitly.
Proposition 7.7. Suppose {Gi : i ∈ I} is a set of CAP groups. Then M (
∏
iGi)
∼=∏
i M(Gi). More generally, if H and K are topological groups with H CAP, then
M(H ×K) = M(H)×M(K).
Proof. By Lemma 7.4, we have M (
∏
iGi)
∼= lim←−M(GF ), where F ⊆ I is finite and
GF =
∏
i∈F Gi, so it is enough to show the second claim. Set G = H ×K. By the claims
in the proof of Theorem 7.5, we have that APH(M(G)) = M(G) and that M(G)/EH is
a K-flow. Because M(G) is a minimal G-flow, M(G)/EH is a minimal K-flow. If X is
any minimal K-flow, then X is also a G-flow, so let ϕ : M(G) → X be a G-map. Since
H acts trivially on X, ϕ must be EH-invariant, giving us a K-map ϕ˜ : M(G)/EH → X.
Hence we have M(K) ∼= M(G)/EH . Let pi : M(G)→ M(K) denote the quotient map.
The homomorphism fromG ontoH also induces anH-map ψ : M(G)→ M(H). Notice
that ψ maps each H-minimal subflow of M(G) onto M(H), hence each H-minimal subflow
of M(G) is isomorphic to M(H) via ψ. Form the G-map θ : M(G)→ M(H)×M(K). We
show that θ is injective, and hence an isomorphism. Fix p 6= q ∈ M(G); if pi(p) 6= pi(q),
we are done. If pi(p) = pi(q), then p and q belong to the same H-minimal subflow of
M(G). Since p 6= q, we must have ψ(p) 6= ψ(q).
Corollary 7.8. Let G be a topological group. Then the following are equivalent:
1. G is CAP.
2. M(G×G) ∼= M(G)×M(G).
Proof. Combine Proposition 7.7 and Theorem 5.8.
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We conclude this section with two examples illustrating the possible overlap between
the conclusions of Proposition 5.5 and Corollary 5.7.
Example 7.9. Let G = 2c. Then G is CAP since it is a compact group. In this case,
M(G) = G = 2c, which embeds a copy of βω.
Example 7.10. Let G = Z × 2c. By Proposition 7.1, G cannot be CAP since Z is not
CAP. However, since 2c is CAP, we have by Proposition 7.7 that
M(G) ∼= M(Z)×M(2c) = M(Z)× 2c.
Therefore M(G) has a clopen basis of size continuum. On the other hand, the poset NG
has a cofinal subset isomorphic to the poset [c]<ω. The poset Nbd(∆M(G)) has a cofinal
subset of size continuum, the clopen neighborhoods, which is a join-semilattice, i.e. finite
sets have least upper bounds. We conclude by noting that [c]<ω admits a monotone,
cofinal map to any join-semilattice P of size continuum; simply put c and P in bijection,
and map a finite subset of c to the corresponding least upper bound.
Question 7.11. Is there a topological condition on M(G) which characterizes when G is
CAP?
8 Groups with large CAP subgroups
Recall that if G is a topological group and H ⊆ G is a closed subgroup, then G/H is
also a Hausdorff uniform space, where the typical basic open entourage is of the form
{(gH, kH) : gHk−1 ∩ U 6= ∅} for some U ∈ NG. Therefore we can form the completion
Ĝ/H and the Samuel compactification S(G/H) of this uniform space. As usual, we have
Ĝ/H ⊆ S(G/H). The action of G on G/H extends, turning S(G/H) into a G-flow. We
say that H ⊆ G is co-precompact if Ĝ/H = S(G/H), i.e. if Ĝ/H is compact. Equivalently,
for every U ∈ NG, there is a finite F ⊆ G with UFH = G.
Definition 8.1. A subset S ⊆ G is pre-syndetic if, for every U ∈ NG, there is a finite
F ⊆ G with FUS = G.
By [22, Proposition 6.6] a closed subgroup H of G is pre-syndetic if and only if S(G/H)
is a minimal G-flow.
In this section we consider some generalizations of a result from [16]. There, it is
shown that if G is a Polish group and H ⊆ G is an extremely amenable, co-precompact,
pre-syndetic subgroup, then M(G) ∼= Ĝ/H. So in particular, M(G) is metrizable. In our
setting, we are asking about conditions on H which ensure that G is CAP. We present two
such sufficient conditions, both of which use the following lemma. Given a topological
group G, a G-flow X, and a closed subgroup H ⊆ G, we let FixH(X) denote the collection
of H-fixed points in X. If y ∈ FixH(X), there is a unique G-map ϕy : S(G/H)→ X with
ϕy(H) = y.
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Lemma 8.2. The map Ĝ/H × FixH(X)→ X given by (η, y)→ ϕy(η) is continuous.
Proof. Suppose giH → η ∈ Ĝ/H and yi → y ∈ FixH(X). Write ϕi for ϕyi ; we need to
show that ϕi(giH)→ ϕy(η). Fix an open A 3 ϕy(η). Find open B 3 ϕy(η) and U ∈ NG
with UB ⊆ A. For all large enough i and j we have gjH ∈ UgiH (viewing the latter
as a set of cosets). Also, ϕy(giH) ∈ B for any large enough i. Fix a suitably large i.
Then ϕj(giH) = giyj ∈ B for any suitably large j. Noting that gjHg−1i ∩U 6= ∅, fix some
h ∈ H with gjhg−1i ∈ U . Then (gjhg−1i )(giyj) ∈ A and is equal to gjyj = ϕj(gjH).
Proposition 8.3. Let G be a topological group and H be a closed subgroup such that
M(G) ∼= Ĝ/H. Then H is extremely amenable.
Proof. Notice that Ĝ/H is compact so Ĝ/H = S(G/H). Let M ⊆ S(G) be a minimal
G-flow. By [22, Proposition 6.4] there is a canonical G-map pi : S(G)→ S(G/H) such that
pi−1(H) = S(H) ⊆ S(G). Since S(G/H) ∼= M(G), it follows that pi|M is an isomorphism
onto S(G/H), so S(H) ∩M = pi−1(H) ∩M = {p} is a singleton and is an H-flow since
pi(h · p) = h · pi(p) = H, for any h ∈ H, and M is H-invariant. Therefore it a minimal
H-subflow of S(H), so it is isomorphic to M(H).
Proposition 8.4. Suppose G is a topological group containing a closed, co-precompact,
extremely amenable subgroup H. Then G is CAP. If H is also pre-syndetic, then Ĝ/H ∼=
M(G).
Proof. Let X be a G-flow, towards showing that APG(X) is closed. By co-precompactness
of H, we have S(G/H) = Ĝ/H. Let xi → x with each xi ∈ APG(X). Set Yi = G · xi.
Since H is extremely amenable, let yi ∈ Yi be an H-fixed point, and write ϕi for ϕyi .
Assume that yi → y ∈ FixH(X). Let W ⊆ Ĝ/H be a minimal G-subflow. Since we must
have ϕi[W ] = Yi, we can find zi ∈ W with ϕi(zi) = xi. We may assume that zi → z ∈ W .
By the claim, we have ϕy(z) = x. In particular, x ∈ ϕy[W ], so since W is minimal, we
have x ∈ APG(X).
Since H is extremely amenable, fix some p ∈ FixH(M(G)). Forming ϕp : Ĝ/H →
M(G), we see that if H is pre-syndetic, then the domain is minimal, so ϕp must be an
isomorphism.
Question 8.5. By combining the results of [16] and [5], one obtains the converse of the
above proposition in the case that G is Polish; namely, M(G) is metrizable if and only
if there is some extremely amenable closed subgroup H ⊆ G with M(G) = Ĝ/H. Is the
same true for CAP groups?
We add to the discussion of this question after discussing the case of automorphism
groups of structures. But given that we do not know if this converse holds, perhaps the
assumptions of Proposition 8.4 can be weakened to only demand that H is CAP instead
of extremely amenable. While we are unable to prove this, we can prove the following;
the assumption on H is weakened to CAP, but then we must assume that H is also
pre-syndetic.
26
Proposition 8.6. Suppose G is a topological group containing a closed, co-precompact,
pre-syndetic CAP subgroup H. Then G is CAP.
The proof of Proposition 8.6 follows a similar structure to that of Proposition 8.4.
Since H is not extremely amenable, we might not find H-fixed points in each G-flow X,
so we pass to a related flow which is guaranteed to have H-fixed points. Given a G-flow
X, let K(X) denote the space of compact subsets of X with the Vietoris topology. This
is the topology generated by open sets of the form Sub(A) := {Z ∈ K(X) : Z ⊆ A} and
Meets(A) := {Z ∈ K(X) : Z∩A 6= ∅} for some open A ⊆ X. The space K(X) is compact
and forms a G-flow with the obvious action. We briefly recall the “circle” operation on
the Vietoris hyperflow; if B ∈ K(X) and p ∈ S(G), we write p ◦ B for limi giB, where
gi → p. If we write pB := {pb : b ∈ B}, then pB ⊆ p ◦ B, but in general the inclusion is
strict. Indeed, we have w ∈ p ◦ B if and only if there are nets gi ∈ G and bi ∈ B with
gi → p and gibi → w. We can restrict the net bi to come from any desired dense subset
of B.
If H is a subgroup of G, any H-subflow Y ⊆ X is an H-fixed point of K(X).
Lemma 8.7. Let H be a closed CAP subgroup of G and X be a G-flow. Then the set
MinH(X) := {Z ∈ K(X) : Z is a minimal H-subflow}
is closed in K(X).
Proof. We have a natural bijection between MinH(X) and APH(X)/EH , and we show
that this is a homeomorphism. Since H is CAP, EH is a closed equivalence relation on
APH(X). In general, when considering a closed equivalence relation on a compact space,
the Vietoris topology may be finer than the quotient topology. So we need to show that
every Vietoris open set is open in the quotient topology.
First we consider Sub(A) ∩ MinH(X). Let pi : APH(X) → APH(X)/EH be the
quotient map. Then pi[APH(X) \ A] ⊆ APH(X)/EH is quotient-topology closed, so
pi−1 (pi[APH(X) \ A]) is closed, EH-invariant, and coincides with MinH(X) \ Sub(A),
showing that Sub(A) ∩MinH(X) is quotient-open. This argument works for any closed
equivalence relation on a compact space.
Now we consider Meets(A) ∩MinH(X); here we need to use more specific knowledge
of the situation at hand. Given a minimal H-flow Z, we have that Z ∩A 6= ∅ if and only
if Z ⊆ HA. So HA∩APH(X) is an EH-invariant open subset of APH(X), showing that
Meets(A) ∩MinH(X) is quotient-open.
Proof of Proposition 8.6. Let X be a G-flow, towards showing that APG(X) is closed.
Let xi → x with each xi ∈ APG(X). Set Yi = G · xi. Let Zi ⊆ Yi be a minimal H-
subflow; we emphasize that since H ⊆ G is not assumed to be normal, we do not have
APH(Yi) = Yi like we did in Theorem 7.5.
Write ϕi = ϕZi : Ĝ/H → K(X). Fix i and y ∈ Yi = GZi. There is a net gj ∈ G with
y ∈ limj gjZi, so ϕi(limj gjH) = limj gjϕi(H) 3 y. Therefore we have Yi =
⋃
ϕi
[
Ĝ/H
]
,
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so we can find ηi ∈ Ĝ/H with xi ∈ ϕi(ηi). We may assume ηi → η ∈ Ĝ/H and, by
Lemma 8.7, that Zi → Z ∈ MinH(X). So by Lemma 8.2, we have x ∈ ϕZ(η). As above,⋃
ϕZ
[
Ĝ/H
]
= GZ.
Claim. GZ is a minimal G-flow.
Proof. Let u, v ∈ GZ. Let ξ ∈ Ĝ/H with u ∈ ϕZ(ξ). By pre-syndeticity of H, Ĝ/H is a
minimal G-flow, so there is a net gi ∈ G with giξ → H. Then Z = ϕZ(H) = lim giϕZ(ξ);
by letting p := lim gi ∈ S(G) we have pu ∈ Z. Find q ∈ S(G) with v ∈ q ◦ Z. Since Z is
H-minimal, Hpu ⊆ Z is dense, so we can find nets g′i ∈ G and hi ∈ H with g′i → q and
g′i · higiu→ v. So in particular v ∈ Gu.
As x ∈ ⋃ϕZ [Ĝ/H], this concludes the proof of Proposition 8.6.
9 Groups of automorphisms of ω-homogeneous struc-
tures
In this section we extend results from [2] and [3] as well as the results for Polish non-
archimedean groups which have the been the focus of a long line of research, initiated with
[12]. Results in this field link Ramsey theoretic properties of classes of finite structures
to the dynamical properties of groups of automorphisms. Given a relational structure K
in some language L, denote by Age(K) the class of finite structures which embed into K.
Then K is ω-homogeneous if any isomorphism between finite substructures of K extends
to an automorphism of K. A countable ω-homogeneous structure is a Fra¨ısse´ structure.
For any L-structure, the group of automorphisms of K, denoted Aut(K) is a topological
group with the topology of pointwise convergence. By expanding L to add symbols for
each orbit of every finite tuple in K, we can assume that K is ω-homogeneous.
The age of an ω-homogeneous structure contains arbitrarily large finite structures
and enjoys several combinatorial properties, including the hereditary property, the joint
embedding property, and the amalgamation property. For the precise definitions of these
properties, see [12]. Families of finite structures with such properties are called Fra¨ısse´
families. A classical theorem of Fra¨ısse´ is that any Fra¨ısse´ family K in a countable
language admits a Fra¨ısse´ limit, that is, a Fra¨ısse´ structure whose age is exactly K.
Given two structures A,B, denote by Emb(A,B) the set of embeddings from A to
B. We write A ≤ B if Emb(A,B) 6= ∅. Fix an infinite structure K; given A ∈ Age(K)
and k < ω, we say that A has Ramsey degree k if k is least such that for all r ≥ k and all
B ∈ Age(K) with A ≤ B, there is C ∈ Age(K) with B ≤ C such that for each coloring
γ : Emb(A,C)→ r, there is i ∈ Emb(B,C) such that
|{γ(i ◦ j) : j ∈ Emb(A,B)}| ≤ k.
The class Age(K) has the Ramsey property if each A ∈ Age(K) has Ramsey degree 1
and has finite Ramsey degrees if each A ∈ Age(K) has Ramsey degree some k < ω.
For automorphism groups of countable structures, we have the following:
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Fact 9.1 ([23]). Let K be a Fra¨ısse´ structure. Then M(Aut(K)) is metrizable if and only
if each A ∈ Age(K) has finite Ramsey degrees.
Fix K be an ω-homogeneous relational L-structure with K = Age(K). If L∗ ⊇ L
is a larger language, let XL∗ denote the set of L
∗-expansions of K. The group Aut(K)
acts on XL∗ in the obvious fashion, where if K
∗ ∈ XL∗ , R ∈ L∗ \ L, g ∈ Aut(K), and
RK
∗
(a0, ..., an−1) holds, then Rg·K
∗
(ga0, ..., gan−1) holds. Now suppose K∗ is a hereditary
family of L∗-structures such that K∗|L = K. We say that K∗ is a reasonable expansion
of K if whenever A ⊆ B ∈ K and A∗ ∈ K∗ is an expansion of A, then there is some
expansion B∗ of B whose restriction to A is A∗. Given a reasonable expansion class K∗,
one can form the following Aut(K)-invariant subset of XL∗ :
XK∗ := {K∗ ∈ XL∗ : Age(K∗) ⊆ K∗}.
If K∗ contains finitely many expansions of each A ∈ Age(K), we say that K∗ is a pre-
compact expansion of K. When K∗ is a reasonable, pre-compact expansion of K, one can
endow XK∗ with a natural compact topology, turning XK∗ into an Aut(K)-flow. There
is a combinatorial property of K∗, called either expansion, order, or minimal property,
which holds if and only if XK∗ is a minimal flow. If in addition K∗ is a Fra¨ısse´ family
with the Ramsey property, then K∗ is called an excellent expansion of Age(K). We have
the following fact, which was first proved in the countable case in [12], and subsequently
generalized in [2].
Fact 9.2 ([2, 12]). Let K be a ω-homogeneous structure. If Age(K) admits an excellent
expansion K∗, then M(Aut(K)) = XK∗ is the space of expansions of K.
In [3] and [1], Bartosˇova´ computes the universal minimal flows of several groups of
automorphisms of uncountable ω-homogeneous structures. One such group is the group
of permutations Sym(κ) of an arbitrary cardinal κ, whose universal minimal flow is the
space LO(κ) of linear orders on κ, with the topology whose basic open sets consist of
all linear orders which extend a given linear order on a finite subset. Other examples of
UMFs computed in [3] and [1] include: the group of automorphisms of an uncountable
homogeneous boolean algebra; the automorphism group of an infinite dimensional vector
space over a finite field, and the group of automorphisms of any ω-homogeneous graph
which embeds every finite graph.
A necessary and sufficient condition for this existence of an excellent expansion was
given in [23].
Fact 9.3 ([23]). Let K be a countable Fra¨ısse´ family of finite structures. K has finite
Ramsey degrees if and only if it admits an excellent expansion K∗.
The main theorem of this section extends Fact 9.1 to the case of automorphism groups
of uncountable ω-homogeneous structures.
Theorem 9.4. Let K be a ω-homogeneous relational structure. Then Aut(K) is CAP if
and only if Age(K) has finite Ramsey degrees.
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Fix a ω-homogeneous relational structure K. We write G for Aut(K). For each
A ∈ Age(K), let ιA denote the inclusion map A → K, and HA be the collection of
embeddings from A to K, which we regard as a discrete space. If A ⊆ K are two finite
substructures of K, there is canonical projection piBA : HB → HA, given by the restriction
to A. Letting piA : G → HA denote the map g 7→ g−1 ◦ ιA, then piBA ◦ piB = piA for any
A ⊆ B ∈ Age(K). Note that if f ∈ HA and g ∈ G, we can interpret f · g as an element
of Hg−1A in the natural way.
Let UA denote the pointwise stabilizer of A. Then {UA : A ∈ Age(K)} is a base of
clopen neighborhoods of 1G. We remark that piA is right uniformly continuous, as
gh−1 ∈ UA ⇔ piA(gh−1) = ιA
⇔ h ◦ g−1 ◦ ιA = ιA
⇔ g−1 ◦ ιA = h−1 ◦ ιA
⇔ piA(g) = piA(h).
We take the Stone-Cˇech compactification βHA. The maps pi
B
A extend to continuous
maps βHB → βHA, under which we form the inverse limit lim←− βHA. The group G acts
on lim←− βHA on the left as follows, where if g ∈ G and x := (xA)A ∈ lim←− βHA, we have
gx := ((gx)A)A given by the formula
S ∈ (gx)A ⇔ S · g ∈ xg−1A.
The following generalizes [23], see also [15].
Proposition 9.5. S(G) ∼= lim←− βHA.
Proof. Notice that piA continuously extends to a surjection p˜iA : S(G)→ βHA, since p˜iA is
uniformly continuous. Thus we obtain a surjective G-map p˜i : S(G)→ lim←− βHA by setting
p˜i(p) = (p˜iA(p))A.
To see that p˜i is injective, suppose p 6= q ∈ S(G). Then we can find S ∈ p, T ∈ q, and
A ∈ Age(K) with UAS ∩ UAT = ∅. So UAS = pi−1A (piA[S]) belongs to p but not to q,
which implies that p˜iA(p) 6= p˜iA(q).
We refer to this as the level representation of the Samuel compactification. Recall
that a neighborhood basis of p ∈ S(G) is given by the clopen sets CUAB, for A ∈ Age(K)
and B ∈ p.
A key ingredient in the proof of Theorem 9.4 is a lemma which links the combinatorial
properties of Age(K) to the level representation of any minimal subflow of S(G).
Lemma 9.6. Let M ⊆ S(G) be a minimal subflow. Then Age(K) has finite Ramsey
degrees if and only if p˜iA[M ] ⊆ βHA is finite for all A ∈ Age(K).
The proof of Lemma 9.6 is essentially that of [24, Theorem 3.5.5]. The interested
reader should be aware that the side of the group actions in [24] is reversed with respect
to our presentation.
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Proof of Theorem 9.4. For each A ∈ Age(K) we define a discrete pseudo-metric dA on
G which on input g, h takes value 0 if piA(g) = piA(h), and 1 overwise. Notice that
dA is continuous and right-invariant. It follows that {dA : A ∈ Age(K)} is a basis of
continuous pseudo-metrics for G, as the UA’s are a basis of neighborhoods of 1G.
Claim. For each A ∈ Age(K), the pseudo-metric ∂A := ∂dA on S(G) is discrete and such
that ∂A(p, q) = 0 if and only if p˜iA(p) = p˜iA(q). In particular, ∂A induces a discrete metric
on βHA.
Proof of Claim. Fix A ∈ Age(K). For all c < 1, we have dA(c + ε) = UA. By Proposi-
tion 4.14, we therefore have that ∂A(p, q) < 1 if and only if ∂A(p, q) = 0 if and only if for
all B 3op p it holds that q ∈ UAB. On the other hand dA(1 + ε) = G, so ∂A(g, h) 6= 0
implies ∂A(g, h) = 1.
If p, q ∈ S(G) are such that p˜iA(p) = p˜iA(q) and B ∈ p, then piA[B] ∈ p˜iA(p) = p˜iA(q),
so q 3 pi−1A (piA[B]) = UAB, that is q ∈ CUAB = UACB, where the last equality follows
from point 4 of Fact 2.10. By Proposition 4.14, we have that ∂A(p, q) = 0, since CB is a
basic closed set to which p belongs.
If p˜iA(p) 6= p˜iA(q), let S ⊆ HA be such that pi−1A (S) ∈ p but pi−1A (S) 6∈ q. Then
UApi
−1
A (S) = pi
−1
A (S) 6∈ q. So q 6∈ CUApi−1A (S) = UApi
−1
A (S). But pi
−1
A (S) is a neighborhood
of p, thus ∂A(p, q) > 0, by Proposition 4.14
Let M ⊆ S(G) be minimal. If we suppose that Age(K) does not have finite Ramsey
degrees, by Lemma 9.6 there is A ∈ Age(K) with piA[M ] infinite. If G were CAP, then
∂A would be continuous on M by point 4 of Theorem 6.1 and thus ∂A would induce a
continuous discrete metric on piA[M ]. This is a contradiction because piA[M ] is compact
and infinite and thus not discrete.
On the other hand, if Age(K) has finite Ramsey degrees, piA[M ] is finite for each A ∈
Age(K). But then ∂A is continuous as all its balls are clopen. Since {dA : A ∈ Age(K)}
is a basis of continuous pseudo-metrics, G is CAP by condition 5 of Theorem 6.1.
We finish the section by recalling a question first posed in [2], which is closely related
to Question 8.5.
Question 9.7. Let K be a ω-homogeneous relational structure such that Aut(K) is CAP.
Does there exist an excellent expansion K∗ of Age(K) and K∗ ∈ XK∗ such that K∗ is
ω-homogeneous? Is this the case for any excellent expansion Age(K)?
The automorphism group of such K∗ would indeed be a closed co-precompact and ex-
tremely amenable subgroup of Aut(K) such that M(Aut(K)) = XK∗ = ̂Aut(K)/Aut(K∗).
The question is open even in the concrete case in which K is an uncountable ω-
homogeneous graph which embeds all finite graphs. An excellent expansion of the class
of finite graphs is the class of all finite linearly ordered graphs. It is not known if there
is a linear order on K such that the resulting structure is ω-homogeneous.
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9.1 The universal minimal flow of Homeo(ω1)
In this section we make use of our results to compute the universal minimal flow of a
concrete group. In a recent paper [8], Gheysens investigates the space ω1 with the order
topology. He proves that its group of homeomorphisms, which is a topological group with
the topology of pointwise convergence, is amenable, Roelcke-precompact while not being
Baire, and admitting only trivial homomorphism to metrizable groups. The result which
is of interest for the computation of its universal minimal flow is [8, Lemma 11], whose
immediate consequence is:
Fact 9.8. The group Homeo(ω1) densely embeds in Sym(ω1)
ω1 .
By Fact 2.3 universal minimal flow of a group coincides with that of any of its dense
subgroups, so we are reduced to computing M(Sym(ω1)
ω1). By [3] and Theorem 9.4,
Sym(ω1) is a CAP group and its universal minimal flow is the space LO(ω1) of linear
orders of ω1.
Since Sym(ω1) is CAP, so is Sym(ω1)
ω1 , by Corollary 7.6. By Fact 2.3, Homeo(ω1) is
CAP and by Proposition 7.7 we have that M(Sym(ω1)
ω1) = M(Sym(ω1))
ω1 = LO(ω1)
ω1 .
We have thus proven that:
Proposition 9.9. Homeo(ω1) is a CAP group and its universal minimal flow is the space
LO(ω1)
ω1.
The result holds more generally. A topological space is scattered if it contains no
perfect subspaces. If X is scattered, the topologies of pointwise convergence and of
discrete pointwise convergence on Homeo(X) coincide [8, Proposition 1]. It follows that
Homeo(X) embeds in Sym(|X|). Let X(α) denote the α-th Cantor-Bendixson derivative
of X, and CB(X) be its Cantor-Bendixson rank (see [8] for the definitions). The same
reasoning as above leads to the following.
Proposition 9.10. Suppose that X is a scattered space such that for any k < ω and
ordinals α1, . . . , αk < CB(X), whenever (x1, . . . , xk), (y1, . . . , yk) are tuples of distinct
points such that xi, yi ∈ X(αi+1) \X(αi), there is g ∈ Homeo(X) with g(xi) = yi, for 1 ≤
i ≤ k. Then Homeo(X) is CAP, it embeds densely in ∏α<CB(X) Sym (∣∣X(α+1) \X(α)∣∣),
and
M(Homeo(X)) =
∏
α<CB(X)
LO
(∣∣X(α+1) \X(α)∣∣) .
The class of scattered spaces which satisfy the hypotheses of Proposition 9.10 contains
all ordinals, as remarked in [8].
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